We present an energy-conserving multiple-relaxation-time finite difference lattice Boltzmann It contains more physical information and has better numerical stability and accuracy than its single-relaxation-time version.
I. INTRODUCTION
The Lattice Boltzmann (LB) method is an innovative numerical scheme originated from Lattice Gas Automata (LGA) [1] and aim to simulate various hydrodynamics [2] . The LB method was introduced to overcome some serious deficiencies of LGA, such as intrinsic noise, limited values of transport coefficients, non-Galilean invariance, and implementation difficulty in three dimensions. In the past two decades, most of the LB models are based on the famous Bhatnagar-Gross-Krook (BGK) approximation [3] where a Single Relaxation Time (SRT) is used. Due to its validity and simplicity, the SRT LB method has been widely used to simulate various fluid flow problems, such as the multiphase flow [4] [5] [6] [7] [8] [9] [10] [11] , magnetohydrodynamics [12] [13] [14] [15] [16] [17] [18] , flows through porous media [19] [20] [21] and thermal fluid dynamics [22] [23] [24] , etc.
However, the extreme simplicity of the SRT leads also to some constraints for the SRT LB model. For example, the simulation will be unstable when the relaxation time τ is close to 0.5, the model works only for low Mach number flows. One possible remedy is to use the Multiple Relaxation Time (MRT) method [25, 26] . In real fluid the equilibrating rates of mass, momentum, energy, etc. are generally different. This difference can be manifested by the non-unique adjustable parameters in the MRT LB model. In contrast to the SRT model, the MRT version has much more adjustable parameters and degrees of freedom. The relaxation rates of various processes owing to particle collisions may be adjusted independently. The main strategy of the MRT LB scheme is that the collision step is first calculated in the moment space and then mapped back to the velocity space. The advection step is still computed in the velocity space. In many cases, it has been shown by Luo, et al [27, 28] that the MRT LB model has better numerical stability.
Recently, the MRT LB method has attracted considerable interest and much progress has been achieved. For example, MRT models for viscoelastic fluids [29] [30] [31] , multiphase flows [32, 33] , flow with free surfaces [34] , etc. were developed; optimal boundary condition for MRT LB was composed [35] . To simulate system with temperature field, Luo, et al. [28] suggested a hybrid thermal MRT LB model. These models work only for nearly incompressible fluids with very low Mach number.
LB community has long been attempting to construct models for compressible fluids [36] [37] [38] [39] . Alexander and Chen et al. [36] constructed a model where the sound speed is adjustable so that the Mach number can be enhanced. Li, et al. [37] gave a model by reforming the velocity space. Sun, et al. [38] formulated adaptive LB models where the particle velocities are determined by the mean velocity and internal energy. Yan, et al. [39] proposed three-speedthree-energy-level models. Besides the standard LB mentioned above, some researchers have also tried to develop Finite Difference (FD) LB for compressible fluids [40] [41] [42] , but in the real simulations the accessible Mach number is still not large. The model introduced by Kataoka and Tsutahara [41] uses only sixteen discrete velocities and hence has a high computational efficiency.
The low-Mach number constraint is generally related to a numerical stability problem.
The latter has been partly addressed by a number of techniques, such as the entropic method [43, 44] , the fix-up scheme [43, 45] , Flux-limiters [46] and dissipation [47, 48] techniques. In existing SRT models, it seems that the most effective solution to overcome the low Mach number constraint is to introduce artificial viscosity. But with the artificial viscosity, some fundamental kinetics are not very clear. In many cases, the MRT formulation has been shown to offer improved numerical stability, and provide additional physics. In this paper we present an energy-conserving multiple relaxation time finite difference lattice Boltzmann model for compressible flows with high Mach number. This model is based on the one proposed by Kataoka and Tsutahara [41] . The moment space and transformation matrix are constructed according to the group representation theory. Equilibria of the nonconserved moments in the moment space are chosen when recovering compressible Navier-Stokes (NS) equations through the Chapman-Enskog (CE) expansion. This paper is organized as follows. In Sect. II a brief review to the MRT LB model is presented. In Sect. III the new model is constructed. The von Neumann stability analysis is given in Sect. IV. Section V shows the numerical tests and some simulation results. Section VI provides a summary and concludes the paper.
II. BRIEF REVIEW OF THE MRT LB MODEL
The evolution of the distribution function f i for the particle velocity v i is governed by the following equation:
where f i (f eq i ) is the particle (equilibrium) distribution function, v i represents a group of particle velocities, subscript i indicates the particle's direction, i = 1, . . . , N, N is the number of discrete velocities, the subscript α indicates x or y component, S is the collision matrix.
The equation reduces to the usual lattice BGK equation if all the relaxation parameters are set to be a single relaxation time τ , namely S = 1 τ I, where I is the identity matrix.
The discrete (equilibrium) distribution function f i (f eq i ) in Eq. (1) can be listed with the following matrixes:
where T is the transpose operator.
Given a set of discrete velocities v i , and corresponding distribution functions f i , we can get a velocity space S V , spanned by discrete velocities v i , and a moment space S M , spanned by moments of particle distribution function f i , where i = 1, · · · , N. Similarly, we also express the moments of distribution function with the column matrix:
, wherê
is an element of the matrix M and is a polynomial of discrete velocities.
Obviously, the moments are simply linear combination of distribution functions f i , and the mapping between moment space and velocity space is defined by the linear transformation
The LB simulation consists of two steps: the collision step and the advection one. In the MRT LB method, the advection step is computed in the velocity space. The collision step is first calculated in the moment space and then mapped to the velocity space. So, the MRT LB equation can be described as:
is the equilibrium value of the momentf i . The moments can be divided into two groups. The first group consists of the moments locally conserved in the collision process, i.e.f i =f 
III. ENERGY-CONSERVING MRT LB MODEL
We use the two-dimensional discrete velocity model by Kataoka and Tsutahara [41] (see Fig. 1 ). It can be expressed as:
Let v ix and v iy play the roles of cos θ and sin θ, respectively. Then we define
where i = 1, · · · , 16.
For two-dimensional compressible models, we have four conserved moments, density ρ, momentums j x , j y , and energy e. They are denoted byf 1 ,f 2 ,f 3 andf 4 , respectively.
To be consistent with the idiomatic expression of energy, in the definitions of m 4i , m 7i and m 8i , a coefficient 1/2 is used. Similarly, a coefficient 1/4 is used in the definition of m 11i .
Thus, the transformation matrix M can be expressed as follows:
where 
B. Determination off eq i
We perform the Chapman-Enskog expansion [32, 49, 50] on the two sides of Eq.(1). We define are the second order terms of the Knudsen number ǫ. Equating the coefficients of the zeroth, the first, and the second order terms in ǫ gives
They can be converted into moment space to obtain:
The equilibria of the moments in the moment space can be defined as :
The first order deviations from equilibria are defined as :
)
T . In the same way, the second order deviations arê
16 ) T . From Eq.(8b) we obtain (1)
(1)
Adding Eq.(10) and the first four formulas of Eq.(9) leads to the following equations,
8 .
To obatin the NS equations, we choosê
The definitions off 
where
IV. VON NEUMANN STABILITY ANALYSIS
In this section we perform the von Neumann stability analysis on the new MRT LB model. In the stability analysis, we write the solution of FD LB equation in the form of Fourier series. If all the eigenvalues of the coefficient matrix are less than 1, the algorithm is stable.
The distribution function f i (x α , t) is split into two parts:
wheref 0 i is the global equilibrium distribution function. It is a constant and does not vary with time or space, depends only on the average density, velocity and temperature. Similarly, the distribution functionf i (x α , t) is split into two parts:
wheref 0 i is a constant. Putting the Eq. (15) and Eq. (16) into Eq. (3) gives
The solution can be written as
where F t i is an amplitude of sine wave at lattice point x α and time t, k α is the wave number. From the above two equations we can obtain F t+∆t i = G ij F t j . Coefficient matrix G ij describes the growth rate of amplitude F t i in each time step ∆t. If ω denotes the eigenvalue of coefficient matrix G ij , the von Neumann stability condition is max|ω| ≤ 1. Coefficient matrix G ij can be expressed as follows, In this case, the MRT scheme is stable, while the SRT version is not. It is clear that, by choosing appropriate collision parameters, the stability of MRT can be much better than the SRT.
V. NUMERICAL SIMULATIONS
In this section we study the following problems using the new MRT LB model: Onedimensional Riemann problems, shock reflections, shock wave reaction on cylindrical bubble, and Couette flow.
A. One-dimensional Riemann problems
Here, we study several typical one-dimensional Riemann problems, including the Sod, Lax shock tube, Colella explosion wave, collision of two strong shocks and a new shock tube with high Mach number. In the x direction, f i = f eq i is set on the boundary nodes before the disturbance reaches the two ends. In the y direction, the periodic boundary condition is adopted. In the following part, subscripts "L" and "R" indicate the macroscopic variables at the left and right sides of discontinuity. The relative errors of the density, pressure, velocity and temperature for case 1 are 0.234%, 0.182%, 3.32% and 0.327%, respectively. The relative errors of the density, pressure, velocity and temperature for case 2 are 0.225%, 0.171%, 3.16% and 0.322%, respectively. Here, the relative error is defined as E = I ς I,J,num − ς I,J,exa / I ς I,J,exa , where ς I,J,num denotes the variables at the node of (x I , y J ) obtained from the numerical simulation, and ς I,J,exa is the exact solution at the same node. The simulation results successfully capture the main structure of the waves. 
This is a strong temperature discontinuity problem that can be used to study the robustness and precision of numerical methods. 
The Mach number of the left side is 10.1, and the right is 6.3. And this test is successfully passed by the MRT LB, but failed by the SRT. Figure 7 shows comparison of the MRT LB results and exact solutions at t = 0.018, where the parameters are dx = dy = 0.003, as follows: 
where h(x, t) = tan 60 C. Shock wave reaction on cylindrical bubble problem
The problems are as follows: A planar shock wave with the Mach number 1.22 impinges on a cylindrical bubble with different densities. In the first case the bubble has a lower density. In the second case the bubble's density is higher. 
and for the second case are 
In the simulations, the right side adopts the values of the initial post-shock flow; the extrapolation technique is applied at the left boundary, and reflecting boundary conditions are imposed on the top and bottom. The common parameters are as follows: dx = dy = 0.003, dt = 10 −5 . When simulate the low density cylindrical bubble, the collision parameters are s 5 = s 6 = s 7 = s 8 = 10 4 , and others are 10 5 ; when simulate the high density bubble, the collision parameters are s 5 = 10 3 , and s = 10 5 for the others. In Fig. 10(a) , from top to bottom, the three plots show the density contours at the times t = 0, 0.5, 0.65, respectively.
In Fig. 10(b) , from top to bottom, the three plots show the density contours at the times (28), and the right column is for the process with initial condition (29) . From black to white, the density value increases. t = 0, 0.6, 0.9, respectively. These results are accordant with those from other methods [54] and experiment [55] . The surface of bubbles is comparatively smooth, which indicates that the MRT modle has high accuracy and resolution. The analytical solution of horizontal velocity along a vertical line is as follows:
where j is an integer, the two walls locate at y = ±D/2.
We carried out a set of simulations: dx = dy = 0.004, dt = 10 
